§1. By way of a Preamble
"Hugh Hudson won the Stevenson Prize (for the best essay by a graduate student with less than six terms residence), edited Nicky's first two volumes of Collected Papers (Kaldor 1960a (Kaldor , 1960b , and was regarded by Richard Kahn and Joan Robinson as the brightest of us all (he had stiff competition from Amartya Sen, Lugi Pasinetti, Pierangelo Garegnani, John Whitaker, Charles Feinstein and Tom Asimakopoulos, for example). " Harcourt, 2008, p. 147 ; italics in the original 1 Non-linear, endogenous, theories of the trade cycle have been an integral part of macrodynamics -for brief periods even the dominant formalisms -for over sixty years. In their initial formalism, choosing Kaldor (1940) as a convenient starting point (although serious doctrine historical scholarship could easily push back the origins by at least a few decades, cf., Ragupathy & Velupillai, 2012) , they were conceptually motivated by Keynesian ideas and the analytical reasoning was entirely geometric.
However, after Richard Goodwin's formalization of an aggregate theory of the business cycle (Goodwin, 1951) , in terms of generalized Keynesian concepts of the dynamic multiplier and the nonlinear accelerator, and Hicks (1950) , this genre became almost invariably interpreted via, first, the mathematics of nonlinear differential equations and, later, formal dynamical systems theory (see Cartwright, 1952 Cartwright, , 1964 2 . With the exception of the pedagogical and 1 We wonder whether a brief and uncharacteristic memory lapse was the cause of the absence of the name of J. de V. Graff in this illustrious list! But no -Harcourt's memory remains as fresh as ever. By the time Velupillai came to King's as a research student, in the early 1970s, the legendary list of the 'best & the brightest' of that remarkable generation had been reduced (in the folklore of the times) to just three: de Graaff, Sen and Hudson. But the folklore of the early 1970s had forgotten that de Graff was at Cambridge one or two graduate student generations earlier than the 1954-1959 period to which Harcourt refers. 2 Goodwin's formalisation, under the influence of Harrod (1936) and Phillip Le Corbeiller's mathematical guidance, aimed at 'reducing' Harrod's Keynesian Dynamics to a second-order nonlinear differential equation; Hicks, although also explicitly acknowledging Harrod's influence, was more directly inspired also by the Swedes and Robertson, so that his formalization was in terms of piecewise (linear) difference equations. It was the outstanding Japanese trio of Yasui, Ichimura and Morishima who began the identification of the economics of Kaldor (1940) , Hicks (1950) and Goodwin (1951) via the mathematics of nonlinear planar dynamical systems (see Velupillai, 2008 , Ragupathy & Velupillai, 2012a Competition and Goodwin, who made the geometry of dynamics an expository device of supreme fertility and elegance (to which we return in the final section).
Hudson's exemplary diagrammatic expositions do not use any advanced techniques or concepts -
economic, geometric or mathematical -than that which is available to any undergraduate student of economics (even if, as in current orthodox pedagogy, all Keynesian elements are eschewed). Thus, only six diagrams are derived -on the basis of absolutely elementary (even if flawed in the eyes of untrammeled optimizers and 'micro-foundationalists') and thoroughly plausible economic reasoning, completely faithful to gross observable behavior of aggregate economies, even as represented by national account data: the IS, LM, IY and SY 'schedules', with the hilfskonstruktion of the I and S schedules in the r-I and r-S planes, respectively 7 .
These diagrammatic devices enable Hudson to achieve the following: Fig. 6 , p. 388 and our Fig. 1, below) .
The policy implication of an economy in this regime is also of significant current relevance exploiting results peculiar to planar dynamical systems, which 'forced' the economics to 9 Unlike the mathematically motivated practice of the dynamic macroeconomic theorist identifying the long-term with steady-state, equilibrium, values, obtained by 'solving' systems of differential, difference, or mixed difference-differential equations -without any indication of how, exactly, these 'solutions' are implemented, on any kind of computer (whether of the human or machine variety). This is only the other side of the usual practice of 'proving the existence of equilibria', in the general equilibrium tradition, without any consideration as to how such 'existence' can be constructed or computed.
conform ('servant') to a mathematical framework ('master'), having started off with the rich, qualitatively economic, dynamic tapestry, diagrammatically described and discussed in the previous section.
Nonlinear endogenous mathematical theories of aggregate fluctuations can be identified in terms of three, more-or-less, non-overlapping periods of formalization, underpinned by, and dependent on, independent developments in nonlinear theories of differential, difference and mixed difference-differential equations systems. In terms of economic applications, they
were, first of all, the period from about the late 1940s till about 1967; secondly, from about 1967 till about the early 1980s; and, thirdly, in the post-1980s era.
The first period can easily be identified with the works of the remarkable Japanese trio - The most directly relevant contribution to the issue at relevance here is Schinasi (1981) , where, at the very outset, the author states, with admirable unambiguity, the method to be adopted in the paper (p. 649, italics added):
"The nonlinear dynamic approach to modeling cycles used either a variant of the Poincaré-Bendixson theorem, to prove the existence of closed orbits, or a theorem on Leinard's equation (sic!) 12 (a second order non-linear differential equation) to prove the existence, uniqueness and stability of limit cycles.
This paper shows that the output dynamic of a modified version of a traditional, dynamic IS-LM macro-model is reducible to Leinard's equation. … It is shown that for cases in which the general equilibrium of the model is locally unstable, the model is nevertheless globally stable in the sense that all locally unstable points converge to a unique and stable limit cycle."
We are not told of the economic significance of 'to prove' the existence, uniqueness and stability of limit cycles', whether using the Poincaré-Bendixson theorem or, after 'reducing' Hudson proved nothing; nor, mercifully, did he emasculate his economics to 'serve' the 'master', the nonlinear dynamic approach to modeling cycles, 'to prove the existence of closed orbits', whether they were to be unique, stable -locally or globally -or even try to reduce his perfectly economically motivated algebra and geometry to any kind of 'second order non-linear differential equation'.
IS-LM dynamics to
Yet, the diagram used by Schinasi (op.cit, p. 651 , Figure 1) is: This is 'almost' exactly identical with, and derived also with 'almost' similar economic underpinnings in Hicks and Kaldor, by Hudson and shown as Figure 6 (ibid., p.388) 13 :
Hudson, using as a direct analogy Kaldor's method of going from for Investment decisions to his own highly ingenious I-S dynamics in the r-Y plane, generalized, in an imaginative way, the traditional IS-LM interaction non-linearly as in Figure   2 , above. 13 The first 'almost' refers to the fact that the non-smooth turning points in Schinasi's diagram are inappropriate for the mathematics he uses; whereas, Hudson's figures are impeccably 'faithful' to the economics he invokes. 14 See Kalecki's discussion of the derivation and use of his -curve in (Kalecki, 1937, p. 87, ff.) and Kaldor (1940) , Appendix, p. 89, ff. Goodwin (1951) -and all three of the Japanese pioneers, mentioned earlier -because, geometrically it looks as follows:
However, in reviewing the Hicks classic (Hicks, 1950) , Goodwin realized, for purely economic reasons, two important caveats: one, that either the Hicksian 'ceiling' or his 'floor' were sufficient for the generation of an endogenous cycle in output; two, that the accelerator was 'dead' in the downturn phase of the cycle (also observed by Hudson). Geometrically, the two turning points in the above figure of the 'cubic characteristic' encapsulated the 'ceiling' and the 'floor'. However, the applied mathematics of planar, nonlinear dynamical systems, at that time did not allow for a 'characteristic'
with only one turning point! Figure 3 cubic characteristic of the following form:
For which it was shown, a decade or so later, that the corresponding limit cycle was:
The point we wish to make are four:
a. First of all, the geometry was inspired by purely economic reasoning -the sufficiency of the 'ceiling' or the 'floor' for the generation of an endogenous, stable, cycle, on the plane.
b. No emasculation of any economic hypothesis was necessary to derive such a geometry. c. The particular characteristic had been considered infeasible for the construction of a limit cycle on the plane.
d. Existence and stability of the limit cycle were demonstrated by construction, maintaining every economic assumption of the model.
Sadly, the 'diagrammatic technique', even for 'expository purposes', seems to have been 'hollowed out' in the age of the digital computer. Those who appeal to the complex geometry generated and displayed on computer screens, as a result of simulations of analytically complex dynamical systems, even of low dimensions, forget that they fall foul of the mathematics of the computer -i.e., computability theory -when working on the interface between actual economic data and the data-types of the digital computer.
But this is quite another story, to which we have dedicated considerable study and research in recent times (cf., .
Finally, there is the refreshing, completely original, underlying modeling philosophy that was the driving force underpinning Hudson's framework: '.. the view that growth should be regarded as a product of the cycle' (ibid, p. 389). We may call this Hudson's Precept, and contrast it with the dominant orthodoxy's modeling philosophy underlying cycle theory -i.e., cycles -or aggregate fluctuations -are deviations from an equilibrium growth 17 trajectory.
Hudson's Precept can also be contrasted with Schumpeter's vision: that 'the cycle is simply the form that growth takes' (cf., for example Goodwin, 1990, p. 70) .
We endorse, wholeheartedly, Hudson's utterly refreshing, completely unorthodox methodological -indeed, even, epistemological -vision, in the true Shumpeterian sense of the word (ibid, p. 389; italics added):
"Our conclusion is that a theory of the economic growth of a capitalist system must be the product of a detailed study of the cycles which produce this growth. Until economic growth can be integrated into models of the cycle in this way, cycle models are best derived independently of the question of growth."
